We study a class of dilatation invariant BPS surface operators in 4-dimensional N = 4 Super Yang-Mills theory and their holographic duals in type IIB string theory in AdS 5 × S 5 . First we take an example of 1/4 BPS surface operator and study it in detail from the holographic point of view. The gravity dual of this surface operator is a D3-brane characterized by a holomorphic submanifold. The supersymmetry and vacuum expectation value are checked in both the gauge theory side and the gravity side. We also calculate the correlation functions with the chiral primary operators in both sides and find good agreement. Next we consider more general dilatation invariant BPS surface operators. The gravity duals of those operators are proposed.
Introduction
A surface operator in a gauge theory is an operator supported on two-dimensional surface Σ. In N = 4 super Yang-Mills theory, a disorder type surface operator is introduced to give a gauge theory description to ramifications in the context of the geometric Langlands program in number theory [1] . The surface operator is characterized by the boundary condition on the fields in the path integral near a codimension two singularity. As other local or nonlocal operators, surface operators are useful to understand the AdS/CFT correspondence [2, 3, 4] .
The surface operator given in [1] is half BPS and the singularity is in the form of a simple pole. The gravity dual of the surface operator can be studied. In [1] , the gravity dual of it has been proposed as a probe D3-brane wrapping AdS 3 × S 1 in AdS 5 × S 5 , which can be supersymmetric [5, 6] . The corresponding type IIB super-gravity solution, named as bubbling geometry, has been analyzed in [7, 8, 9] . Some observables related to this surface operator are calculated in the various pictures [10] . The half BPS surface operator is generalized to the case that the singularity is a higher order pole [11] and a simple pole up to a logarithm [12] . Other kinds of surface operators are also investigated in [13, 14, 15] .
One of the most interesting aspects of the surface operator of [1] is the fact that some of the physical quantities may be compared between the gauge theory side and the gravity theory side. Usually it is not easy to compare those quantities because the classical gravity calculation is only valid in large 't Hooft coupling λ regime, while the perturbative gauge theory calculation is only valid when λ is small. However the surface operator has a parameter β, and the physical quantities can sometimes be expressed as the power series in λ/β 2 on the gravity theory side, which for large β mimics the perturbative small λ expansion 1 . This situation is similar to what happens in the plane wave limit in [17] ; the R-charge J plays a similar role to β in this case.
There are many possible ways of constructing more general surface operators preserving fewer supercharges. We restrict our attention to operators which are scale-invariant, so the locus of the singularity is a collection of planes intersecting at a single point. As
we shall see, the allowed singularities may have branches. An objection can be that the configuration is not well-defined since the boundary condition is not single valued. We
show that via an appropriate gauge transformation, the possible monodromy can be canceled. In the gauge theory, a surface operator of this kind can be constructed by using homogeneous algebraic equations. The most general case becomes 1/16 BPS. We propose that the gravity dual of it is a D3-brane wrapping a holomorphic surface Σ 4 in AdS 5 × S 5 , where Σ 4 is defined by the same homogeneous algebraic equations. We take a 1/4 BPS example to investigate the preserved symmetries, the vacuum expectation value, and the correlation function with a chiral primary operator.
The proposed D3-brane dual to the 1/4 BPS surface operator is shown to preserve 1/4 of the super symmetries in type IIB. In the semi-classical limit, we show that the vacuum expectation value of the surface operator is 1 in both sides. In the gauge theory,
we proceed to calculate the correlation function between the surface operator and local operators. In the gravity, we take the supergravity limit and present the result for all orders in λ/β 2 as an integral form. Analytic results of the integration are given the leading and the next-to-leading order in λ/β 2 . The leading order result coincides with that of the gauge theory.
The organization of this paper is as follows. In section 2, we construct a specific example of the surface operator in the gauge theory. We show that the surface operator is quarter BPS. In the semi-classical limit, we study the vacuum expectation value of the operator and correlation functions with CPO's. In section 3, we propose the gravity dual of this operator, and then check the preserved super symmetries by kappa symmetry projection in the embedding space. For the D3-brane solution, we evaluate the vacuum expectation value and correlation functions with CPO's. In section 4, we consider a generalization of our example. Section 5 is devoted to discussions.
2 An example of 1/4 BPS surface operator in the gauge theory
Definition of the surface operator by a classical solution
In this section, we will consider a surface operator O Σ of SU(N) N = 4 super Yang-Mills theory on R 4 with coordinates (x 0 , x 1 , x 2 , x 3 ), or on C 2 with coordinates (z 1 , z 2 ). Our conventions for the gauge theory are collected in appendix A.
As in [1] , we characterize a surface operator by the boundary condition of bosonic fields near codimension 2 singularities. Semi-classically the surface operator is given by a Figure 1 : The patches of the coordinates. We introduce two patches (1) 0 < φ 1 < 2π, and (2) −π < φ 1 < π. They are connected by the gauge transformation with the identity matrix in (a) 0 < φ 1 < π and the matrix g in (b) −π < φ 1 < 0.
classical solution with these boundary conditions and its quantum fluctuations. Likewise, any classical solution with a codimension 2 singularity corresponds to a surface operator, defined by the boundary conditions near the singularity of the classical solution.
In this paper we focus on the classical solutions in which the gauge fields are flat; in a suitable gauge choice we can set A µ = 0 at least locally. The non-trivial field excitations in the classical solution are the scalar fields. In the 1/2 BPS case [1, 9] the solution with simple pole
is considered. The higher order poles can also be considered [11] . Then what happens when the singularity has branches? That is what we address in this paper.
In order to explain our basic idea and make things explicit, we focus in this section and next on the classical solution of the type
We will consider more generic classical solutions in section 4. In particular, other examples of the 1/4 BPS surface operators are found in section 4.3.2. In eq.(2.2) we include both z 1 and z 2 in order to preserve the dilatation symmetry. This dilatation symmetry is useful
for Wick rotation as we will explain later. This configuration is singular along the two planes with z 1 = 0 as well as z 2 = 0. Hence when we consider the surface operator by the path integral, we impose the boundary condition at both z 1 = 0 and z 2 = 0.
The behavior of the scalar field (2.2) does not look like a consistent configuration because it is not single valued 2 . However we can make it a consistent configuration by 2 Similar double valued configuration also appears in the conformal vortex loop operator in 3-dimensional super-conformal Chern-Simons theory [18] .
introducing the gauge field holonomy as follows. We consider the scalar Φ, which is an N × N matrix, and the gauge fields
where β is a real positive parameter. These fields are not single valued. For example, the value of the scalar field has Z 2 monodromy when z 1 goes to z 1 e 2πi . This monodromy can be cancelled by the gauge holonomy. Let us introduce two patches of coordinates (z 1 = r 1 e iφ 1 ) in order to explain this holonomy (see figure 1 ).
(1) 0 < φ 1 < 2π (branch cut at φ 1 = π).
The intersection of these two patches is two disconnected regions: (a) 0 < φ 1 < π and (b)
The gauge transformation between these two patches is chosen as follows.
In the region (a), (1) and (2) are trivially identified, namely
µ . On the other hand, in the region (b) they are related by the gauge transformation with the constant parameter g ∈SU(N) defined as
The fields are transformed under the transformation as,
The eq.(2.5) are consistent with A
(1)
µ = 0 because g is a constant. Moreover the monodromy due to the square root branch can be canceled by this gauge transformation.
Note that the configuration (2.3) satisfies the equation of motion.
We can introduce further gauge holonomy which commute with Φ and g. The field configuration (2.3) and the holonomy (2.4) break the gauge symmetry SU(N) to U(1)×SU(N− 2). Therefore we can introduce extra holonomy included in this U (1) . In other words, we can change the gauge transformation (2.4) to g α 1 which includes parameter α 1 as
This parameter α 1 is an analogue of the parameter α in [1] . There is also a monodromy around z 2 = 0, and the holonomy g α 2 is introduced to cancel this monodromy. These two parameters (α 1 , α 2 ) fix the holonomy globally 3 .
3 This is so simple in this special example because the monodromy group is abelian. It is also worth to note that the fundamental group of the space, obtained by removing two planes z 1 = 0 and z 2 = 0 from C 2 , is an abelian group Z × Z. In the more general case, the problem seems to be more involved.
We can also introduce the two dimensional theta angle as the similar way as in [1] by inserting the operator exp iη 1
where F | U(1) are the unbroken U(1) part of the field strength. There are also similar parameter η 2 at z 2 = 0.
We can also introduce the parameter γ as in [1] , by making β complex valued. However, to avoid undue complications, we choose β as a real positive number. The phase can be restored to nontrivial value at any stage of our discussion.
Instead of introducing two patches and a gauge transformation between them, we can choose the gauge field A to be nontrivial,
In this frame, the scalar field takes the form
and there is no monodromy. However we will not use this frame in the rest of this paper since this frame is not convenient to see the supersymmetry.
Let us consider how to do the path-integral around this multi-valued configuration.
In string theory, a similar situation occurs when one consider the twisted sector of strings in the presence of orbifolds. The boundary condition of the fluctuation δΦ can be chosen by the following
where Φ is given in (2.3), a solution of the equation of motion. Expand δΦ as
where T A are the basis of the N × N matrix, which diagonalize the adjoint g α i action,
. δΦ A can be expanded to the Fourier series as δΦ
A n 1 ,n 2 and the measure of the path-integral can be written as DδΦ = A,n 1 ,n 2 Dh A n 1 ,n 2 . The other fields are also treated as the same way.
The configuration (2.3) preserves the dilatation symmetry. This dilatation symmetry acts on the scalar field with a real positive parameter α as 
Supersymmetry in the gauge theory
The surface operator defined in (2.3) preserves 1/4 of the supersymmetry and the superconformal symmetry. To see this, we need to consider the variation of the fermion ψ of N = 4 SYM, given in (A.4). For the background field as in (2.3), the variation can be written conveniently if we use the complex coordinates: 
The variation of the fermion (2.10) vanishes, if we impose the following condition on 12) or equivalently
In the derivation of this condition, we use the relation 
Vacuum expectation value
In this section, we will consider the expectation value of the quarter BPS surface operator, O Σ , defined in (2.3). We expect this expectation value to be 1 due to the supersymmetry.
The expectation value is defined as the path integral with the boundary condition at the singularity. This path integral is approximated by the classical SYM action:
The relevant part of N = 4 SYM action in (A.1) is
In the presence of the surface operator as in (2.3), it leads to the following:
Let us use the polar coordinate, z i = r i e iφ i and regulate r i ∈ (r 0 , ∞) for i = 1, 2 . Then
Our conventions for the measure are given in (A.5). As in [10] , we add a boundary term to impose the appropriate boundary condition. Without additional boundary terms, the variation of the action gives
This surface term would impose the boundary conditions r 1 ∂Φ/∂r 1 = 0 at r 1 = r 0 and r 2 ∂Φ/∂r 2 = 0 at r 2 = r 0 , which are not satisfied by the solution (2.3). In order to get rid of this additional condition, we add the following boundary term to the action.
Adding this boundary term makes the boundary conditions 2r 1 ∂Φ/∂r 1 + Φ = 0 at r 1 = r 0 and 2r 2 ∂Φ/∂r 2 + Φ = 0 at r 2 = r 0 , which are actually satisfied by the solution (2.3).
The total action is summed up to be zero, (S + S b )| Σ = 0, thus
As considered in [19, 20, 21, 22, 23] , the surface operator may have conformal anomalies since the surface operator is defined on an even dimensional submanifold. To compute the anomaly, we need to evaluate the action of a surface operator defined on Σ with non-trivial curvature or Weyl tensor. This will be an interesting future work.
Correlation functions with chiral primary operators
The correlation function of a local operator O(ζ) inserted at the point z m = ζ m and the surface operator O Σ in the semi-classical limit is given by the classical value of the operator in the classical solution.
The correlation function of the surface operator (2.3) and a chiral primary operators is non-trivial when the CPO is invariant under SO(4) subgroup of SO (6) R-symmetry. We use the notation of the SO(4) invariant CPO as given in [24, 10] 
review the relevant aspects of the spherical harmonics in appendix E.1. The relevant part for the correlation function with the surface operator in (2.3), 19) where C ∆,k is given in (E.3), and [·] sym means all the products inside are totally symmetrized. Using Φ 2 = Φ 3 = 0 the correlation function evaluated by (2.17) is
Note that the correlation function vanishes for odd ∆, since the two diagonal components inside the trace have the opposite sign.
The correlation function of the O Σ in (2.3) with a Wilson line or the stress-energy tensor can be interesting physical quantities to investigate, as for the half BPS surface operator in [10] . However we will not pursue the issue here.
3 Gravity dual of the 1/4 BPS surface operator 3.1 Probe D3-brane as the gravity dual of the surface operator
Let us now consider the holographic dual of the surface operator defined in (2.3). The following complex coordinate system for AdS 5 × S 5 is convenient for this purpose:
We can relate it to the global coordinates of AdS 5 × S 5 as follows:
Then the metric (3.1) becomes
where dΩ (dr
To be supersymmetric, we have the following 5 form field strength in the background:
In this paper we choose the unit of length such that the radius of AdS 5 is 1, namely
s N, and the D3-brane tension T D3 is expressed as
We propose that a probe D3-brane, wrapping a 4 dimensional subspace Σ 4 defined by the following holomorphic equations ,
is dual to the surface operator in (2.3). Here κ is a parameter related to β. The precise relation between β and κ are determined later in eq.(3.29), according to the correlation function with the chiral primary operators.
The parameters (α 1 , α 2 , η 1 , η 2 ) are mapped to the gauge field A on the D3-brane and its magnetic dualÃ as
Note that the configuration (3.5) is τ independent, i.e. static. Thus we can Wick rotate the configuration easily by replacing τ = it and consider the same static configuration in the Lorentzian signature. It is convenient to consider the Lorentzian signature especially when checking the supersymmetry, which we do in the next subsection.
Supersymmetry of the probe brane
To check the preserved supersymmetry of the probe D-brane, we can use the kappa symmetry projection [25, 26, 27, 28, 29, 30, 5] . To this end, it is advantageous to use a 12 dimensional embedding space
as in [31, 32] . The reason is that the Killing spinor of the embedding space is constant Dirac spinor with 64 complex components, while the Killing spinor of the physical space depends on the space-time. We can get the 10 dimensional physical space AdS 5 × S 5 using the constraints:
Reduction of the constant Killing spinor in the embedding space to the one in the physical space is done by the following conditions,
where γ A are defined in (C.1).
We review the relevant aspects of the kappa symmetry projection and the conventions for the embedding space in appendix B and appendix C. General discussions about supersymmetric branes in AdS 5 × S 5 can be found in [5] .
We can use an embedding map as follows:
The D3-brane worldvolume Σ 4 defined by (3.5) is an intersection of the physical space and a six dimensional holomorphic space Σ 6 in the embedding space defined by:
Note that we can let eq.(3.10) be the same form of eq.(3.5) due to our embedding map (3.9).
Two vectors E r 1 , E r 2 in T Σ 6 \T Σ 4 are projections of the two normal vectors of AdS 5 × S 5 in the embedding space on the T Σ 6 . One of these vectors is time-like and the other is space-like. We will use r 1 as a time-like direction.
Since T Σ 6 is closed under a complex structure I, given as I ·
We call these vectors E 0 , E 1 . We can linearly combine E 0 , E 1 to form null vectors E ± . There leave two linearly independent vectors in T Σ 4 , which are orthogonal to E ± and closed under I. The holomorphic/anti-holomorphic part of these vectors are defined to be E z , Ez. From the construction, the followings hold:
We normalize the vectors as:
Using eqs.(3.11),(3.12), the projection operator (B.1) along the D3-brane can be written in the following form:
As shown in [31] , the condition for the preserved supersymmetry of a D3-brane in the embedding space becomes
where Γ is the projection operator along the D3-brane, for our case (3.13).
Let us now consider the holographic dual of the surface operator in (2.3). We will
. For the holomorphic space Σ 6 defined by (3.10), the
To project the normal vectors of AdS 5 × S 5 on T Σ 6 , we note that on Σ 6 ,
We can now construct tangent vectors satisfying (3.11), (3.12) as follows:
.
From the construction, E
. Using these, the projection (3.14) can be written as ǫ, γ0ǫ = 0, when combined with the reduction of the spinor (3.8) . Under the imposition (3.16), the right hand side of (3.15) is reduced to iǫ, being equivalent to the condition in (3.14) . It shows that the probe D-brane preserves 1/4 of the supersymmetry.
Our construction can be regarded as a special case of [32] , in which a holomorphic space defined by three holomorphic homogeneous functions 
Vacuum expectation value from D3-brane action
At the semi-classical level, we evaluate the expectation value of a surface operator by
where S D3 is on-shell action of the probe D3-brane corresponding to the surface operator.
This holds in the large N limit (N ≫ 1) and the large t'Hooft coupling limit,
The action of the D3-brane can be expressed in terms of of DBI action and WessZumino term,
ξ m are the world-volume coordinates, and G mn is the induced metric on the world-volume.
C 4 is the R-R four form of which field strength is given is (3.3). T D3 is the tension of the D3-brane (see eq. (3.4) ).
Let us consider the probe D3-brane wrapping Σ 4 defined by (3.5). We will use complex coordinates in AdS 5 × S 1 with the metric 4 :
We choose the gauge of the R-R four form as
We sometimes use polar coordinates r i e iφ i = z i , ω = y −1 e iθ . θ is the angle of
The definition of y is to restore the Poincaré metric of AdS 5 as
We choose z 1 , z 2 as the world volume coordinates. The transverse coordinate ω is a holomorphic function of z 1 , z 2 . The induced metric is
The evaluation of the action for this solution is given as
where the measure is defined by
The other directions in S 5 are irrelevant to our discussion in this subsection
We need to add a boundary action, as in the gauge theory, to make the variation of the action well-defined. The surface term which arises from the variation of the action is
Recall that the solutions of (3.5) are
For the solution, we can cancel the surface term by the following boundary action:
The total on-shell action of the probe D3-brane vanishes, (S DBI + S b ) − S W Z = 0. The expectation value of the surface operator in the semi-classical limit is evaluated to be 1, which coincides with the result of the gauge theory (2.16).
Correlation functions with chiral primary operators in the gravity side
Let us now consider correlation functions of the surface operator with chiral primary operators. As in [10] , we will use the GKPW prescription [3, 4] 
The action of the linearized fluctuation of the D3-brane is [10, 33, 34] . We use µ, ν indices for AdS 5 and α, β for S 5 . We can substitute the fluctuation with the source by using the following solution, given in [33, 34] : (φ 1 + φ 2 ) where θ is the argument of ω. The linearized DBI action in (3.21) can be written as 
We will evaluate this integral in the large κ limit
In this limit, the integration is simplified since the integrand in (3.24) becomes a delta function supported at z m = ζ m . The limit (3.26) corresponds to the case that the slope of D3-brane approaching the boundary of AdS 5 becomes small, which can be seen from a rewritten solution in Poincaré metric, y(r 1 , r 2 ) = κ −1 √ r 1 r 2 . In the leading order of κ, we can replace ω(z), ∂ m ω(z) with ω(ζ), ∂ m ω(ζ).
Here one should be careful because the coordinates (z 1 , z 2 ) ∈ C 2 do not cover the whole D3-brane worldvolume, namely the function ω(z) is double valued. Thus one needs to extend it to two C 2 's as one usually does in the Riemann surfaces. As a result, z m = ζ m is actually two points on the D3-brane worldvolume:
The result is the sum of the contributions from these two points. If we replace ω(z), ∂ m ω(z)
with these values and use the formula (E.4), the integration (3.24) becomes
This result coincide with the result in the gauge theory(2.20) if we identify the parameter κ and β by
To proceed to the next-to-leading order in κ, we expand fields near z = ζ. Let us define 
The evaluation of the above leads to : 30) where I
(1/4) 0 is the leading order result given in (3.28).
General dilatation invariant less BPS surface operator
In this paper we mainly consider the 1/4 BPS surface operator of the form (2.3). Actually in the gauge theory it can be generalized to those defined by a set of homogeneous algebraic equations. In this section we consider these rather general surface operators and their gravity duals.
General less BPS surface operators in the gauge theory
In order to define surface operators by the boundary condition in the path integral, let us consider classical solutions with singularities as done in section 2 and [1] .
Consider the three algebraic equations for χ a , a = 1, 2, 3,
where f p , (p = 1, 2, 3), are polynomial of χ's with degree n 1 whose coefficients are holomorphic functions of z's. We also require that f p are homogeneous with weights (+1) for z and (−1) for χ. For fixed z, there are n = n 1 n 2 n 3 solutions denoted by
are locally holomorphic degree (−1) homogeneous function of z. Consider a configuration of the complex scalar fields
This configuration has singularities and monodromies around those singularities. Since the monodromies are permutations of the roots, the monodromy group M is a subgroup of the symmetric group S n , so a subgroup of SU(n) and SU(N). Therefore, the monodromy around a singularity can be cancelled by introducing appropriate gauge holonomy around the singularity as we did in section 2.1. As a result, the configuration (4.2) with the appropriate gauge holonomy is a well-defined configuration. Moreover this configuration with A µ = 0 is a solution of the equations of motion. This problem seems to be a rather non-trivial one and we will not pursue it any more in this paper. One can also introduce the theta angles for the remaining U(1) gauge fields on the singularities. Naively it is parameterized by m parameters η 1 , . . . , η m .
We define the surface operator by the path-integral with the boundary condition at the singularities such that the fields have the same singularity as the configuration (4.2) including the holonomy.
This operator preserves dilatation symmetry (2.9) because Φ a (z) are homogeneous degree (−1) functions of z m . Thus we can identify the radial direction as the time and perform the Wick rotation. We limit ourselves to these dilatation invariant surface operators in this paper.
This operator in general preserves 1/16 of the supersymmetry. This can be seen as follows. The fermion variation in the background (4.2) becomes
where ǫ(z) is defined as (2.11). The variation (4.3) vanishes if one requires the conditions for the parameters ǫ j , j = 1, 2
Actually, this condition (4.4) is equivalent to the condition
Hence one can see that 1/16 of the supersymmetry and 1/16 of the super-conformal symmetry are preserved by the surface operator (4.2).
Gravity dual of 1/16 BPS surface operators
Here let us consider the gravity dual of the surface operator defined in eq.(4.2).
We propose that the gravity dual of the surface operator characterized by (4.2) will be a D3-brane wrapping a holomorphic sub-space Σ 4 defined by three holomorphic equations
Here we use the coordinates of eq.(3.1). As we will see, this reproduces the 1/2 BPS case in [6, 1, 9] and the 1/4 BPS case in section 2 and section 3.
To see the supersymmetry it is convenient to go to Lorentzian signature and 12 dimensional notation of appendix C. The 4-dimensional sub-space (4.6) is expressed as the intersection of AdS 5 × S 5 and the 6-dimensional sub-manifold Σ 6 in 12 dimensions. This Σ 6 is described by the algebraic equation
Actually the supersymmetry of this class of D3-brane is checked by Kim and Lee [32] 5 .
They have shown that in general it preserves at least 1/16 of the supersymmetry.
Examples
In general this surface operator preserves 1/16 of the supersymmetry. However in some particular cases, this surface operator preserves larger amount of supersymmetry. In this subsection we explain some examples of 1/2, 1/4, and 1/8 BPS cases.
1/2 BPS surface operators
As an example, this surface operator becomes a 1/2 BPS surface operator when the functions f p , (p = 1, 2, 3) become
Since f 1 is homogeneous function of (z 1 , χ 1 ) when they are assigned the weights (+1, −1), f 1 = 0 has n = n 1 roots of the form
where β i , (i = 1, . . . , n) are constants. As a result one finds that the operator (4.2) with f p of eq.(4.8) are the 1/2 BPS operators discussed in [1, 9, 10] . The supersymmetry for this operator is considered in [1, 9, 10, 6, 7, 8] in both gauge theory side and supergravity side. It is found that this operator is actually 1/2 BPS. We explain the supersymmetry of the probe D3-brane picture in appendix D.1 from the 12-dimensional point of view.
1/4 BPS surface operators
The general surface operator becomes a 1/4 BPS surface operator when f a are written as
A more special examples is
. . , n), which are intersecting at a point
Another example is that f 1 (z 1 , z 2 , χ 1 ) is a homogeneous function when z 1 , z 2 , χ 1 are assigned weights (1, 1, −1) and (A, B, 0) . For the case, f 1 can be expressed as
for some constant coefficients c l . Solving f 1 (z 1 , z 2 , χ 1 ) = 0 amounts to solving an algebraic equation of one variable, (z 1 )
Thus the solution is in the form of
The 1/4 BPS surface operator which we considered in section 2 and section 3 is a special example that
The supersymmetry of the operators with (4.10) can be seen just the same way as done in section 2.2 and section 3.2.
The correlation function with chiral primary operators can also be calculated in the similar way to section 2.4 and section 3.4. In the gauge theory side, we can just insert the classical solution (4.2) with (4.10) into the form (2.19) and we get
On the other hand, in the gravity side, eq.(3.24) is still valid for the D3-brane of (4 .6) with (4.10). We consider the same limit as in section 3.4 and evaluate the integral, taking care of the branches with ω
This gravity result (4.13) completely agrees with the gauge theory result (4.12). The nextto-leading order can be also done as before. Including this correction term, the correlation function calculated in the gravity side become
Because µ 2 = λ/(2π) 2 , this series is a positive power expansion in λ. Thus we may expect that this result can be compared to the perturbative gauge theory.
1/8 BPS surface operators I
In this paper, we mainly consider less BPS surface operators with monodromy. There are less BPS surface operators which have no monodromy and a singularity at z 1 = 0, with
Let us take the functions f 's as z 2 independent. 
or equivalently supersymmetries.
To get a 1/4 BPS surface operator, we let f 3 (z 1 , χ 3 ) = χ 3 . In that case, −ǫ j = Γ 0145 ǫ i = Γ 0167 ǫ i suffices to have δψ = 0 for the corresponding surface operator.
For the less BPS surface operators in this section, the evaluation of the classical action will be a linear sum of that of the half BPS surface operators , which is shown to vanish.
Thus the vacuum expectation value of the operators will be also 1.
The gravity dual of this operator is given by n disconnected D3-brane sheets Thus if we impose 20) then the SUSY variation vanishes. As a result one can see that 1/8 of the supersymmetry is preserved.
1/8 BPS surface operators II
There is another class of 1/8 BPS surface operators expressed by the following equations.
The preserved supersymmetry is expressed by 22) or equivalently
Therefore this operator (4.21) is actually 1/8 BPS.
When the equations take the special form as 24) then this operator preserves 1/4 of the supersymmetry expressed as
Discussion
In this paper, we discuss a class of BPS surface operators. These operators are defined by a set of algebraic equations. These operators preserve in general 1/16 of the supersymmetries. We propose the holographic dual of those operators as configurations of probe D3-branes. We checked the supersymmetry in both the gauge theory side and the gravity side.
We took a special example of a 1/4 BPS surface operator (2.3) and studied it in more detail. We calculated the expectation value of this operator in both the gauge theory side and the gravity side, and found it is 1 in both calculation. We also considered the correlation functions with local chiral operators. In the leading order at λ/β 2 → 0, both the calculations completely agree with each other (see (2.20) and (3.28) ). We also calculated next-to-leading order contribution in the gravity side and got the result (3.30).
This correction, unlike the 1/2 BPS case [10] , includes space-time position dependence. This is because the spacetime dependence is not completely fixed the remaining spacetime symmetry in the 1/4 BPS case, while it is fixed by the remaining conformal symmetry in the 1/2 BPS case (d −∆ behavior).
In the expectation value calculation we only consider the "flat" surface operator. It preserves some Q supersymmetry, and the trivial expectation value is a consequent of this supersymmetry. It will be interesting to consider the curved 1/4 surface operator and calculate the anomaly similar to ones considered in [19, 20, 21, 22 , 23] in 6-dimensional CFT.
In the calculation of the correlation function with chiral primary operators in the gravity side, we somehow get the positive power expansion in λ. This is because in our case β can be large and the actual expansion parameter is λ/β 2 . This situation is quite similar to the plane wave limit [17] in which the R-charge J is large and λ/J 2 becomes the expansion parameter. It will be very interesting to calculate the next-to-leading order in the Yang-Mills theory side and see if it agrees with the result of the gravity side.
In the result (3.30), the next-to-leading term vanishes when ∆ = |k|. The same thing happens in the 1/2 BPS case [10] . Actually in the 1/2 BPS case it is observed that the power series terminates at a finite order for every chiral primary operator. It is not clear whether the same thing happens in 1/4 BPS case. It will be interesting to see if this power series terminates at a finite order.
To consider the operator spectrum in 1/4 (or less BPS) surface operator as done in [6] is also an interesting problem. Actually the surface operator treated here preserves some supersymmetry, the index considered in [35, 36, 37, 38] may have some interesting property.
One can also consider the correlation function with other kinds of operators, for example, Wilson loops. The holographic dual of the Wilson loops has various descriptions: fundamental string probe, D3-brane probe, D5-brane probe and bubbling geometry [39, 40, 41, 42, 43, 44, 45, 46, 47, 48] . It will be an interesting problem to calculate the correlation function with the Wilson loop using these descriptions.
In this paper, we only use probe D3-branes to describe the gravity dual of the less BPS surface operators. It will be a challenging problem to include the back reaction and construct the supergravity solution for these less BPS surface operators. There are several works on less BPS bubbling geometry [49, 50, 51, 52, 53, 54, 55, 56, 57, 58] . One may find the solution of 1/4 BPS surface operator in these backgrounds, or doubly Wick rotated ones.
Finally one can also consider the surface operators in 4-dimensional N = 1 super-conformal field theory and their gravity dual in the type IIB string theory on AdS 5 ×(SasakiEinstein). In the CFT side, the surface operator can be considered by imposing boundary condition for the complex scalar fields in the chiral superfield. In the gravity side, it will correspond to some configuration of D3-branes. This configuration is described by a 6-dimensional homogeneous holomorphic submanifold in C 1,2 ×(Calabi-Yau 3-fold cone) in 12-dimensional picture.
where
for 16 real components constant Majorana-Weyl spinors ǫ i , i = 0, 1.
Conventions for the complex coordinates are
We define the measure as
B Kappa Symmetry Projection
Γ can be defined as follows for a D3 brane without electro-magnetic flux:
where G is the induced metric on the world volume, ξ µ world-volume coordinate, X M i space-time coordinates, and A i flat directions. We choose a convention ǫ 0123 = 1. If we can set ξ 0 = t,
For the type IIB theory, the number of preserved supersymmetries by the Dp-brane is the number of Killing spinors satisfying
where Iǫ = iǫ and Kǫ = ǫ * . For the D3-brane, the condition becomes Define the complex gamma matrices as : Gamma matrices with a lower index are defined by:
We define
A useful identity is :
D The gravity dual of the half BPS surface operator
D.1 The half BPS D3-brane configuration in 12 dimensions
We consider a 6-dimensional hyperspace defined by holomorphic functions 
The tangent vectors can be specified as follows :
2)
Impose the half BPS condition
If multiplied by γ1γ 3 or γ3γ 1 , it implies γ1γ 3 ǫ = γ3γ 1 ǫ = 0.
The condition reduces the left hand side of (3.14) to iǫ , which shows that it preserves half of the supersymmetries.
D.2 Correlation function of the half BPS surface operator and a chiral primary operator
The correlation functions of CPO's with the half BPS surface operator described by the D3-brane solution ω(z 1 ) = κ/z 1 can be found in [10] . Here we write down the result in our notation.
In the leading order of large κ, we can replace ω(z), ∂ m ω(z) with ω(ζ), ∂ m ω(ζ). We let
1 , ζ 2 = 0. Integrating out the dz 2 dz 2 then using (E.4) leads to
The result of the above integral is compatible with eq.(3.43) in [10] , if we replace κ with sinh u 0 . Since the result in [10] needs not assume the limit κ ≫ 1, it deviates at the sub-leading terms of κ from (D.5).
For the next to the leading order of (D.4), we first integrate out dz is the leading order result given in (D.5). This result is consistent with the result of [10] .
E Correlation function with chiral primary operators E.1 Spherical Harmonics
The SO(4) invariant spherical harmonics are [10, 24] , We normalize c ∆,k in (E.1) such that 
E.2 Some Useful formulas
For constant y, the following holds:
